
 

Lectured

In this lecture we are going to prove one of
the most important theorems not only in group
theory but in all of mathematics Lagrange's

theorem

For that we'll introduce the motion

of coset and use it's properties to prove

Lagrange's theorem and then many of it's
important corollaries

Definition let G be a group and let It be

a subgroup of G For any a EG the set
at ah l h e H is called the

left coset of H in G containing a and the

set



Ha ha l h e H is called the right
coset of H in G containing a

Definition Let G be a group and HE G The

index of Hui G denoted 1G HI is the

number of left or right assets of Hui G

The definitions given above are not veryilluminatingeie the sense that they do not give
us a feel of what these objects
why are we defining both right and left
cosets

Are these also subgroups of G
what is the role of a c G in the definition
To answer all these questions let's see some

examples



Txampies
1 Let G Zg t and H 013,6 Since

the group operation is so we use a H

instead of a H Let's find at H for all a
C 21g
OTH Oth hell 0,3 6 3 114 6 14

ITH Ith theH I 4,73 4 11 7 11

2 14 2 5,8 5TH 8 14

2 Let G Soo and H C E 3 z 3
Let a I 33 What is att and Ha
all ah he H 2,237.1133

2733.133
z 3 z

2 3
Ha ha the H C 333.1233

33 EL 333



z 3 z 3 3

Let's see these examples carefully
The first example tells us many things
at H might not be a subgroup of Gas
I H is not a subgroup of 21g

at H can be equal to bt H even if at b

as It H 4TH 7 t H

at H H when a cH in this example
The second example tells us that why is

it important to define both left and right
cosets as clearly in the second example
at f Ha

Now in the definition of the index of H in G
we said the number of either left or right



closets This requires justification i e the

right cosets of H in G right cosets of H in G
as is an exercise

We want to use oosets to prove

theangestheorems Let G be a finite

group and H L G a subgroup Then IHI divides

1Gt

How are we going to use coset to prove
Lagrange's theorem First we will work with

left coset however nothing will change if
you work with right cosets The strategy is
then as follows Strategy
1 Show that the left cosets partition the group
ii e every group element occurs in some coset

and occurs only in that coset and none other



2 Show that the size of all the coset are
the same

The following hemma not only proves both

the points in the strategy but many more

properties of assets

Lemme Let G be a group and H G Let a

be G Then

1 A E AH

2 AH H yi and only if a c H

3 AH bH if and only if a c BH

4 AH bH or aH n bH

5 AH bH if and only if a b E H

6 laHI lbHl
7 aH Ha y and only yi a Ha

t H

8 AH is a subgroup of G y and only if a cH



Remaek Note that PropertyCD in the Lemmais

telling us that every element of G is in some

coset Property is telling us that an

element can belong to only one coset and

Property b is telling us that all the cosets

have the same size and we even know what

that would be it would be IHI

Proof Properties 2 77 and 8 are left as an

exercise Let's prove all the others

1 a a e and e e H p a c AH

3 If a c BH p a bh for some HEH
Let ah be an arbitrary element of aH
ah bh.tn b Chh c BH a H E bH

Similarly one can prove bH E a H D AH BH

If aH bH the sets



ah 1 he H bhlh cHE
ah bhz for some hi ha C H
a bhzhi e BH

4 If at nbH c o c eat cH aH

from property 3 and CebH cH bH

D AH _bH otherwise aHnbH of

5 p Let aH bH Then as eie the proof

of 3 ah bhz for some hi hzEH
h a bhz h hi a b D

a be H

D let a belt from property D
a BH H D a a BH aH 0bH aH

6 Since att and BH are sets if we want



to show that they have equal number of
elements it's enough to find a bijectionbetweenthem Define

2 AH BH by 2 ah bh

clearly dis onto For one one suppose
2 ah A aha D bhi bhz hi hz by
cancellation ah aha Thus a is a bijection
and so laHI lb Hl

Using this Lemma we'll prove the Lagrange

theorem in the next lecture

txera.se Try to understand the properties of
coset and their proofs clearly
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